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:H DQDO\]H D PRGHO RI FRQVXPHU UHVSRQVH WR YDULDWLRQ LQ SURGXFW RU VHUYLFH TXDOLW\ 7KH
PRGHO GHYHORSHG LQ >@ SURYLGHV FORVHGIRUP H[SUHVVLRQV WKDW FKDUDFWHUL]H VKRUWWHUP DQG ORQJ
WHUP PHDVXUHV RI FXVWRPHU OR\DOW\ WR D VXSSOLHU ,Q WKLV SDSHU ZH GHYHORS VHQVLWLYLW\ DQDO\VHV
WKDW RoHU D ULFK FKDUDFWHUL]DWLRQ RI KRZ IDFWRUV ^ VXFK DV WKH XQGHUO\LQJ TXDOLW\ OHYHOV RI WKH
VXSSOLHUV WKH FXVWRPHU
V DELOLW\ WR GLVWLQJXLVK EHWZHHQ JRRG DQG EDG VXSSOLHUV DQG WKH FXV
WRPHU
V SULRU EHOLHIV UHJDUGLQJ WKH VXSSOLHUV ^ DoHFW ERWK VKRUWWHUP DQG ORQJWHUP OR\DOW\ :H
DOVR XVH WKH H[SUHVVLRQV WR GHYHORS VLPSOH QRUPDWLYH PRGHOV IRU VXSSOLHUV WKDW ZLVK WR GHYHORS
HoHFWLYH TXDOLW\ VWUDWHJLHV
e23,0 ' H SD UWPH QW 7 KH :KD UWR Q 6F KR R O 8 QLY H UVLW\ R I 3H QQV\ OY D QLD  3KLOD GH OSKLD  3$          
\5H VH D UF K VXSSR UWH G E\ WKH :KD UWR Q ) LQD QF LD O ,QVWLWXWLR QV & H QWH U D QG E\ 1 6) *UD QW 6%5       
L , QWU RGXFWLRQ
:KDW LV WKH FRVW RI D EDFNRUGHU RU VWRFNRXW" 2I PDNLQJ D FXVWRPHU ZDLW ORQJHU LQ TXHXH" 2I D
SODQH PLVVLQJ DQ RQWLPH DUULYDO" 2I ORZHULQJ TXDOLW\ VWDQGDUGV MXVW D ELW" 7UDGLWLRQDO QRUPDWLYH
PRGHOV LQ RSHUDWLRQV PDQDJHPHQW GHVFULEH WKHVH FRVWV DV H[RJHQRXV IDFWRUV 7KH\ DUH GHpQHG DV
IXQFWLRQV WKDW GHSHQG RQ WKH PDJQLWXGH RI WKH VHUYLFH IDLOXUH WKH QXPEHU RI VWRFNRXWV WKH WLPH
VSHQW LQ TXHXH )XUWKHUPRUH WKH IRUP RI WKH IXQFWLRQ ^ ZKHWKHU OLQHDU FRQFDYH RU FRQYH[ ^ LV
W\SLFDOO\ VWDWLRQDU\
7KHUH LV ZLGH UHFRJQLWLRQ KRZHYHU WKDW WKH XVH RI WKHVH FRVWV PRGHOV GRHV QRW DGHTXDWHO\
DFFRXQW IRU WKH GDPDJH GRQH E\ TXDOLW\ IDLOXUHV 5HSHDWHG IDLOXUHV VXFK DV VWRFNRXWV RU GHOD\V LQ
TXHXH PD\ KDYH D FXPXODWLYH QHJDWLYH HoHFW RQ DQ LQGLYLGXDO FXVWRPHU
V VDWLVIDFWLRQ ZKLFK WKHVH
VWDWLRQDU\ FRVW IXQFWLRQV GR QRW WDNH LQWR DFFRXQW
,QGHHG ERWK FXUUHQW UHVHDUFK DQG SUDFWLFH RIWHQ DYRLG TXDQWLI\LQJ WKHVH FRVWV 5DWKHU WKH\
IRFXV RQ RSWLPL]LQJ SURGXFWLRQ DQG VHUYLFH V\VWHPV VXEMHFW WR D VHUYLFHOHYHO TXDOLW\ FRQVWUDLQW
6WLOO OLWWOH DSSHDUV WR EH NQRZQ DERXW KRZ WR VHW WKH TXDOLW\ OHYHO RI WKH FRQVWUDLQW
,Q D FRPSDQLRQ SDSHU >@ ZH GHYHORS D GHWDLOHG PRGHO RI FRQVXPHUV
 ORQJWHUP UHVSRQVHV WR
TXDOLW\ IDLOXUHV WKDW LV LQWHQGHG WR KHOS LGHQWLI\ ZKDW WKH SURSHU TXDOLW\ OHYHO VKRXOG EH ,Q RXU
PRGHO D FRQVXPHU UHSHDWHGO\ FKRRVHV DPRQJ D VHW RI VXSSOLHUV DQG WKH RXWFRPH RI HDFK YLVLW WR D
VXSSOLHU LV VRPH LQVWDQWDQHRXV XWLOLW\ 7KH XWLOLW\ RoHUHG E\ HDFK VXSSOLHU LV LQ IDFW D UDQGRP
YDULDEOH WKDW UHqHFWV WKH TXDOLW\ RI WKDW VXSSOLHU
V RoHULQJ ZKHWKHU RU QRW WKHUH ZDV D VWRFNRXW
KRZ ORQJ WKH ZDLW LQ TXHXH ZDV KRZ IUHVK WKH pVK ZDV WKDW GD\ 7KH FRQVXPHU XVHV D FUXGH IRUP
RI %D\HVLDQ UHYLVLRQ WR NHHS WUDFN RI ZKLFK RI WKH VXSSOLHUV VKH SUHIHUV (DFK WLPH VKH HQWHUV WKH
PDUNHW VKH P\RSLFDOO\ FKRRVHV WKH VXSSOLHU WKDW VKH WKLQNV LV PRVW OLNHO\ WR EH EHVW
7KH PRGHO LQFOXGHV WKUHH IDFWRUV WKDW GHWHUPLQH WKH FRQVXPHU
V EHKDYLRU WKH FRQVXPHU
V SULRU
EHOLHIV FRQFHUQLQJ WKH TXDOLW\ RI WKH VXSSOLHUV WKH XQGHUO\LQJ GLVWULEXWLRQV RI XWLOLW\ DFWXDOO\ RoHUHG
E\ WKH VXSSOLHUV DQG D GLVFULPLQDWLRQ IXQFWLRQ ZKLFK WKH FRQVXPHU XVHV WR LQWHUSUHW KHU DFWXDO
VHUYLFH H[SHULHQFH DQG XSGDWH KHU SULRU EHOLHIV ,Q >@ ZH GHYHORS FORVHGIRUP H[SUHVVLRQV WKDW
FOHDUO\ UHqHFW KRZ WKHVH IDFWRUV ZRUN WRJHWKHU WR GHWHUPLQH FXVWRPHU OR\DOW\
7KH SDSHU RoHUV WZR FRPSOHPHQWDU\ FKDUDFWHUL]DWLRQV RI OR\DOW\ 7KH pUVW ORRNV DW OR\DOW\ DV
WKH GXUDWLRQ RI RQH VRMRXUQ GXULQJ ZKLFK D FRQVXPHU IUHTXHQWV D VLQJOH VXSSOLHU 7KLV VKRUWUXQ
UHSUHVHQWDWLRQ LV LPSRUWDQW ZKHQ D VXSSOLHU KDV RQO\ RQH FKDQFH DW PDLQWDLQLQJ D UHODWLRQVKLS ZLWK
D FXVWRPHU RQFH WKH FRQVXPHU GHIHFWV WR D FRPSHWLWRU VKH LV ORVW IRUHYHU 7KH VHFRQG GHpQHV
OR\DOW\ DV WKH ORQJUXQ UHODWLYH IUHTXHQF\ ZLWK ZKLFK WKH FRQVXPHU FKRRVHV D SDUWLFXODU VXSSOLHU
7KLV ORQJUXQ FKDUDFWHUL]DWLRQ LV DSSURSULDWH ZKHQ WKH RYHUDOO IUHTXHQF\ RI SXUFKDVH LV KLJK DQG
FXVWRPHU VZLWFKLQJ EHKDYLRU LV PRUH SUHYDOHQW ,Q WKLV FDVH D VXSSOLHU WKDW ORVHV D FXVWRPHU QRZ
LV OLNHO\ WR VHH WKDW FXVWRPHU DJDLQ VRPH WLPH LQ WKH IXWXUH
,Q WKLV SDSHU ZH XVH WKH H[SUHVVLRQV GHYHORSHG LQ >@ DV WKH EDVLV IRU VHQVLWLYLW\ DQDO\VHV WKDW
VHHN WR PRUH IXOO\ FKDUDFWHUL]H WKH QDWXUH RI FXVWRPHU OR\DOW\ 2XU DQDO\VHV VKRZ WKDW LQ ERWK
WKH VKRUW DQG ORQJ UXQ WKHUH DUH LQFUHDVLQJ OR\DOW\ UHWXUQV WR LPSURYHPHQWV LQ D VXSSOLHU
V TXDOLW\
7KH HoHFW RI FKDQJHV LQ FXVWRPHU GLVFULPLQDWLRQ GLoHUV KRZHYHU EHWZHHQ WKH VKRUW DQG ORQJ UXQ
,QFUHDVLQJ FXVWRPHU GLVFULPLQDWLRQ FDQ RQO\ KXUW D pUP LQ WKH VKRUW UXQ GHFUHDVLQJ WKH GXUDWLRQ
RI FXVWRPHU OR\DOW\ ,Q WKH ORQJ UXQ KRZHYHU LQFUHDVLQJ GLVFULPLQDWLRQ PD\ KHOS VRPH pUPV ,Q
IDFW WKRVH VXSSOLHUV WKDW DUH KHOSHG DSSHDU WR EH WKRVH ZLWK ORZHU TXDOLW\ )RU WKH VKRUW UXQ ZH
DUH DOVR DEOH WR FKDUDFWHUL]H WKH HoHFW RQ OR\DOW\ RI FKDQJHV LQ D FRQVXPHU
V SULRU SHUFHSWLRQV
:H DOVR GHYHORS VLPSOH SURpW PRGHOV IRU VXSSOLHUV WKDW H[SOLFLWO\ LQWHJUDWH WKH UHYHQXH DQG FRVW
FRQVHTXHQFHV RI WKHLU TXDOLW\ FKRLFHV 7KHVH SUHVFULSWLYH PRGHOV RoHU LQVLJKW LQWR KRZ WKH UHYHQXH
UHVSRQVH WR TXDOLW\ FKDQJHV PD\ GULYH D VXSSOLHU
V FKRLFH RI TXDOLW\ ,Q WKHVH PRGHOV LQFUHDVLQJ
?OR\DOW\ UHWXUQV WUDQVODWH LQWR LQFUHDVLQJ UHYHQXH UHWXUQV DQG WKLV VWURQJ UHYHQXH UHVSRQVH WR
TXDOLW\ GULYHV D VXSSOLHU
V RSWLPDO FKRLFH RI TXDOLW\ OHYHO )RU H[DPSOH ZKHQ VXSSOLHUV FRPSHWH LQ
DQ ROLJRSRO\ DQG WKH FRVW RI TXDOLW\ LV LWVHOI FRQYH[ DQG LQFUHDVLQJ DQ\ VHW RI HTXLOLEULXP TXDOLW\
OHYHOV IRU VXSSOLHUV ZLOO EH ZLWKRXW H[FHSWLRQ V\PPHWULF )XUWKHUPRUH LQ PDQ\ FDVHV WKHUH ZLOO
EH DQ HTXLOLEULXP WKDW LV XQLTXH 7KXV IRU VXSSOLHUV WKDW FRPSHWH RQ TXDOLW\ WKH EHVW VWUDWHJ\ LV
WR PDWFK WKH TXDOLW\ OHYHO RI FRPSHWLWRUV DQG WKHUHE\ ?DYRLG TXDOLW\ FRPSHWLWLRQ
7KH UHPDLQGHU RI WKH SDSHU LV RUJDQL]HG DV IROORZV 6HFWLRQ  SUHVHQWV EDFNJURXQG PDWHULDO
RQ H[SRQHQWLDO IDPLOLHV RI GLVWULEXWLRQV OLNHOLKRRG UDWLRV DQG VWRFKDVWLF RUGHU UHODWLRQV 7KHQ [
EULHq\ GHVFULEHV RXU PRGHO RI FRQVXPHU EHKDYLRU )RU D PRUH GHWDLOHG GHYHORSPHQW DQG OLWHUDWXUH
UHYLHZ WKH UHDGHU PD\ FRQVXOW >@ ,Q [ ZH FKDUDFWHUL]H WKH GXUDWLRQ RI FXVWRPHU OR\DOW\ LQ WKH
VKRUWUXQ ,Q [ ZH SUHVHQW DQDORJRXV UHVXOWV IRU ORQJUXQ UHODWLYH SXUFKDVH IUHTXHQFLHV 7KHQ [
SUHVHQWV QRUPDWLYH PRGHOV IRU VXSSOLHUV DQG pQDOO\ [ GLVFXVVHV GLUHFWLRQV IRU IXWXUH ZRUN
 3 U HOLPLQDU LHV
%HORZ ZH UHYLHZ UHOHYDQW PDWHULDO FRQFHUQLQJ H[SRQHQWLDO IDPLOLHV RI GLVWULEXWLRQV OLNHOLKRRG UD
WLRV DQG VWRFKDVWLF RUGHU UHODWLRQV 5HDGHUV ZKR DUH DOUHDG\ IDPLOLDU ZLWK WKHVH WRSLFV PD\ ZLVK
WR VNLS WKLV VHFWLRQ
 ( [SRQHQWLDO )DPLOLHV RI 'LVWU LEXWLRQV
0DQ\ RI RXU UHVXOWV ZLOO EH VWDWHG IRU H[SRQHQWLDO IDPLOLHV RI GLVWULEXWLRQV
G)[Mv
￿





Hv[G)[L VW K HFXPXODQW JHQHUDWLQJ IXQFWLRQ RI VRPH QRQGHJHQHUDWH GLVWULEXWLRQ
IXQFWLRQ ) ([DPSOHV RI RQHGLPHQVLRQDO H[SRQHQWLDO IDPLOLHV LQFOXGH WKH IROORZLQJ %HUQRXOOL
H[SRQHQWLDO 3RLVVRQ QRUPDO ZLWK PHDQ v D Q Gp [ H GY D U L D Q F H D Q GQ R U P D OZ L W Kp [ H GP H D QD Q G
YDULDQFH v
$ UDQGRP YDULDEOH ; ZKRVH GLVWULEXWLRQ LV D PHPEHU RI D RQHGLPHQVLRQDO H[SRQHQWLDO IDPLO\
LQGH[HG E\ SDUDPHWHU v  d v 5 KDV PHDQ (v>;@   ￿ v  DQG YDULDQFH YDUv;   ￿￿v 7KXV
ZKHQHYHU WKH XQGHUO\LQJ IDPLO\ RI GLVWULEXWLRQV LV QRW GHJHQHUDWH cL VV W U L F W O \F R Q Y H [ D Q GW K H
PHDQ ￿c LV D PRQRWRQLFDOO\ LQFUHDVLQJ IXQFWLRQ RI v
 /LNHOLKRRG 5DWLRV DQG 6WRFKDVWLF 2U GHU
$ UDQGRP YDULDEOH ; | )￿ LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR DQRWKHU < | )￿L I3 I <
$ J L P S O L H V3I ;$ J  DV ZHOO ,Q WKLV FDVH ZH ZULWH ;  < RU )￿  )￿
,I ;  <  WKHQ WKH OLNHOLKRRG UDWLR RI ; ZLWK UHVSHFW WR < PD\ EH GHpQHG DV G)￿[ G)￿[
7KH ORJOLNHOLKRRG UDWLR LV DQDORJRXVO\ GHpQHG WR EH ORJG)￿[ G)￿[ ,I ;  < W K H QZ HF D Q
IRUPDOO\ H[WHQG WKH GHpQLWLRQ RI WKH OLNHOLKRRG UDWLR WR EH  ZKHQ WKH QXPHUDWRU LV  DQG WKH
GHQRPLQDWRU LV SRVLWLYH DQG WR EH  ZKHQ WKH QXPHUDWRU LV SRVLWLYH DQG WKH GHQRPLQDWRU LV 
:KHQ G)￿[ G)￿[ LV QRQLQFUHDVLQJ RU QRQGHFUHDVLQJ LQ [ WKH OLNHOLKRRG UDWLR LV PRQRWRQH
%HFDXVH WKH ORJ WUDQVIRUPDWLRQ LV LWVHOI PRQRWRQH WKH OLNHOLKRRG UDWLR LV PRQRWRQH LI DQG RQO\ LI
WKH ORJOLNHOLKRRG UDWLR LV DV ZHOO
5HFDOO WKDW ; | )￿ LV VWRFKDVWLFDOO\ OHVV WKDQ RU HTXDO WR < | )￿ LI )￿[ x )￿[ IRU DOO [  5
,Q WKLV FDVH ZH PD\ ZULWH ; xVW < RU )￿ xVW )￿ RU < yVW ; RU )￿ yVW )￿ :H ZLOO DOVR ZULWH
I;￿; ￿Jx VW I<￿< ￿JZKHQ  ;W xVW <W IRU DOO W    
$ PRQRWRQH OLNHOLKRRG UDWLR JXDUDQWHHV VWRFKDVWLF GRPLQDQFH 0RUH VSHFLpFDOO\ D ZHOONQRZQ
UHVXOW LV WKH IROORZLQJ
/HPPD  6HH :RRGURRIH >@ RU 6KDNHG DQG 6KDQWKLNXPDU >@
,I G)￿[ G)￿[ LV QRQLQFUHDVLQJ LQ [ WKHQ )￿ xVW )￿
)RU WZR GLVWULEXWLRQV WKDW DUH PHPEHUV RI WKH VDPH RQHGLPHQVLRQDO H[SRQHQWLDO IDPLO\ WKHQ WKH
IROORZLQJ SURSHUWLHV DUH LPPHGLDWH
&RUROODU\ 




  HI￿v￿bv￿￿[b￿￿￿v￿￿b￿￿v￿￿￿J 
LV QRQLQFUHDVLQJ LQ [D Q G)  [ M v ￿ x VW )[Mv￿
7 K H 0R G H O
,Q WKLV VHFWLRQ ZH EULHq\ GHpQH RXU PRGHO RI VXSSOLHU TXDOLW\ DQG FRQVXPHU UHVSRQVH )RU D IXOOHU
GHYHORSPHQW ZH UHIHU WKH UHDGHU WR >@
 7 KH 6XSSOLHU V DQG 7 KHLU &KRLFHV RI 4XDOLW\ /HYHO
$ FRQVXPHU KDV D SHULRGLF QHHG IRU D SURGXFW RU VHUYLFH DQG DW UHJXODU WLPH LQWHUYDOV W    
VKH DFTXLUHV WKH JRRG IURP RQH RI P SRVVLEOH VXSSOLHUV LQGH[HG L I  PJ %HFDXVH WKHUH
LV LQKHUHQW XQFHUWDLQW\ LQ WKH SURFHVV RI GHOLYHULQJ WKH SURGXFW RU VHUYLFH WKH XWLOLW\ RI WKH JRRG
VXSSOLHG WR WKH FRQVXPHU DW D WLPH W LV D UDQGRP YDULDEOH 8W
:KLOH WKH TXDOLW\ RI HDFK LWHP RU VHUYLFH HQFRXQWHU LV XQFHUWDLQ D VXSSOLHU FDQ FRQWURO WKH
RYHUDOO OHYHO RI WKH XWLOLW\ LW SURYLGHV DQG IRU HDFK VXSSOLHU WKLV FKRLFH RI D ?TXDOLW\ OHYHO PDQLIHVWV
LWVHOI LQ WKH FKRLFH RI D GLVWULEXWLRQ IRU 8W/ H Wdv5EH WKH VHW RI GLVWULEXWLRQV IURP ZKLFK HDFK
RI WKH VXSSOLHUV FKRRVHV 7KH VHW PD\ EH pQLWH RU FRXQWDEOH RU LW PD\ UHSUHVHQW D FRQWLQXXP RI
FKRLFHV
:H DVVXPH WKDW HDFK SURYLGHU
V FKRLFH RI TXDOLW\ OHYHO LV D VWUDWHJLF GHFLVLRQ 7KDW LV VXSSOLHU
L PXVW FKRRVH LWV SDUWLFXODU OHYHO RI TXDOLW\ vL  d LQGHSHQGHQWO\ RI LWV FRPSHWLWRUV EHIRUH
FRQVXPHUV HQWHU WKH PDUNHW :H OHW }W GHQRWH WKH VXSSOLHU FKRVHQ E\ WKH FRQVXPHU DW WLPH W DQG




:H DOVR DVVXPH WKDW WKH GLVWULEXWLRQV SDUDPHWHUL]HG E\ v  d DUH RUGHUHG VR WKDW vL y vM
LPSOLHV WKDW WKH (>8WM}W L @y( > 8 WM }  W  M @ :KHQ WKH XQGHUO\LQJ GLVWULEXWLRQV DUH PHPEHUV
DQ H[SRQHQWLDO IDPLO\ &RUROODU\  VWDWHV WKDW DQ HYHQ VWURQJHU FRQGLWLRQ KROGV vL y vM LPSOLHV
I8WM}W L Jy VW I8WM}W M J 
 &RQVXPHU 5HVSRQVH
5DWKHU WKDQ PDLQWDLQLQJ D FRPSOH[ VHW RI EHOLHIV FRQFHUQLQJ VXSSOLHUV WKH FRQVXPHU SDUWLWLRQV
VXSSOLHUV LQWR WZR FDWHJRULHV ^ JRRG DQG EDG ^ ZLWK UHVSHFWLYH XWLOLW\ GLVWULEXWLRQV )* DQG )%) R U
HDFK VXSSOLHU LD Q GH D F KW L P H W  WKH FRQVXPHU PDLQWDLQV D EHOLHI SL
W WKDW LV VLPSO\ WKH SUREDELOLW\
WKDW L LV JRRG UDWKHU WKDQ EDG ,I WKH FXVWRPHU YLVLWV VXSSOLHU L DW WLPH W WKHQ VKH XSGDWHV KHU





















DQG LI VKH GRHV QRW YLVLW L DW WW K H QS L
W S L
W b ￿ )LQDOO\ DW DQ\ WLPH W WKH FRQVXPHU P\RSLFDOO\
FKRRVHV WKH VXSSOLHU WKDW KDV WKH KLJKHVW SL
W
7KH IDU ULJKW KDQG H[SUHVVLRQ RI  HPSKDVL]HV KRZ WKH FRQVXPHU LPSOLFLWO\ XVHV WKH OLNHOLKRRG
UDWLR G)%X G)*X WR GHFLGH ZKHWKHU D VXSSOLHU LV JRRG RU EDG 7KH JUHDWHU WKH UDWLR WKH
KLJKHU WKH RGGV WKDW WKH VXSSOLHU LV EDG ,W LV QDWXUDO IRU WKH OLNHOLKRRG UDWLR WR EH PRQRWRQLFDOO\
GHFUHDVLQJ LQ X 7KDW LV D EHWWHU H[SHULHQFH DW D VXSSOLHU ZLOO FRQVLVWHQWO\ OHDG WKH FRQVXPHU
WR EHOLHYH WKDW WKH VHUYLFH SURYLGHU LV PRUH OLNHO\ WR EH ?JRRG &RUROODU\  VKRZV WKDW ZKHQ
)% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV WKH OLNHOLKRRG UDWLR LV
PRQRWRQLFDOO\ GHFUHDVLQJ
,Q >@ ZH SUHVHQW WZR SRVVLEOH PHWKRGV E\ ZKLFK WKH FRQVXPHU PLJKW FRQVWUXFW )% DQG )*
DQG ZH GHPRQVWUDWH WKDW LI G)XMvL G)XMvM LV QRQLQFUHDVLQJ LQ X IRU DQ\ vL x vMW K H QI R U
HLWKHU PHWKRG G)%X G)*X ZLOO EH PRQRWRQLFDOO\ GHFUHDVLQJ DV ZHOO 5HFDOO WKDW &RUROODU\ 
GHPRQVWUDWHV WKDW ZKHQ WKH XQGHUO\LQJ TXDOLW\ GLVWULEXWLRQV RI WKH VXSSOLHUV ^ )XMv v  d^D U H
P H P E H U VR ID QH [ S R Q H Q W L D OI D P L O \ W K H QW K L VS U R S H U W \L VV D W L V p H G 
 7 KH 'XU DWLRQ RI &XVWRPHU /R\DOW\
,Q WKLV VHFWLRQ ZH FKDUDFWHUL]H RI WKH OHQJWK RI WLPH GXULQJ ZKLFK D FXVWRPHU UHPDLQV OR\DO WR KHU
FXUUHQW VXSSOLHU : HE H J L QL Q[  E\ UHYLHZLQJ FORVHG IRUP H[SUHVVLRQV GHYHORSHG LQ >@ WKDW
ERXQG WKH H[SHFWHG GXUDWLRQ RI FXVWRPHU OR\DOW\ DV ZHOO DV WKH SUREDELOLW\ WKDW D FXVWRPHU ZLOO
HYHQWXDOO\ ?GHIHFW WR WKH FRPSHWLWLRQ ,Q [ ZH WKHQ XVH WKHVH H[SUHVVLRQV DV WKH EDVLV IRU
VHQVLWLYLW\ DQDO\VLV DQG WKH UHVXOWV RI WKH DQDO\VLV JLYH D ULFK SLFWXUH RI WKH QDWXUH RI 
$PRQJ WKH UHVXOWV ZH pQG WKH IROORZLQJ 7KHUH DUH LQFUHDVLQJ UHWXUQV WR OR\DOW\ ZLWK LPSURYH
PHQWV LQ TXDOLW\ 0RUH VSHFLpFDOO\ WKH H[SHFWHG WLPH WR GHIHFWLRQ LV URXJKO\ FRQYH[ DQG LQFUHDVLQJ
LQ zL DQG LW EHFRPHV XQERXQGHG DV zL DSSURDFKHV zeDO H Y H OR IT X D O L W \D WZ K L F KW K HF X V W R P H UF D Q 
QRW GLVFULPLQDWH ZKHWKHU WKH VXSSOLHU LV EDG RU JRRG )XUWKHUPRUH ze LV VWULFWO\ OHVV WKDW ￿v*
WKH OHYHO RI TXDOLW\ RI D JRRG VXSSOLHU 7KXV LQ H[SHFWDWLRQ OR\DOW\ PD\ EH DVVXUHG HYHQ WKRXJK
WKH VXSSOLHU LV QRW FRPSOHWHO\ VDWLVI\LQJ WKH FRQVXPHU
7KH SUREDELOLW\ RI HYHQWXDO GHIHFWLRQ FDQQRW EH HOLPLQDWHG KRZHYHU H[FHSW XQGHU H[WUHPH
FLUFXPVWDQFHV 7KLV KDSSHQV RQO\ ZKHQ )vL )*D Q G) %DUH QRW PXWXDOO\ DEVROXWHO\ FRQWLQXRXV
7KDW LV WKH RQO\ WLPH WKDW OR\DOW\ FDQ EH FRPSOHWHO\ DVVXUHG LV ZKHQ WKH FRQVXPHU H[SHULHQFHV
VRPH OHYHO RI XWLOLW\ WKDW ZRXOG KDYH EHHQ LPSRVVLEOH WR REWDLQ KDG WKH VXSSOLHU EHHQ EDG
%RWK WKH H[SHFWHG GXUDWLRQ RI OR\DOW\ DQG WKH SUREDELOLW\ RI GHIHFWLRQ LPSURYH ZLWK LQFUHDVHV
LQ WKH FRQVXPHU
V SULRU EHOLHI WKDW VXSSOLHU L LV JRRG SL
￿ DQG GHWHULRUDWH ZLWK FRQVXPHU
V SULRU
EHOLHI DERXW WKH FRPSHWLWLRQ S
M
￿ 7KH VHQVLWLY\ RI WKH WLPH WR GHIHFWLRQ WR FKDQJHV LQ WKH SULRUV LV
JUHDWHVW ZKHQ WKHVH SULRUV HTXDO RQH KDOI DQG WKH\ GHFOLQH DV WKH SULRU DSSURDFK ]HUR RU RQH 7KXV
FRQVXPHU OR\DOW\ LV PRVW VHQVLWLYH WR FKDQJHV LQ SULRU EHOLHIV ZKHQ WKRVH EHOLHIV DUH QRW VWURQJO\
KHOG LQ WKH pUVW SODFH
 % DVLF 5HVXOWV
$ FRQVXPHU ZLOO EX\ IURP L DV ORQJ DV SL
W y S
M
W IRU M  DUJPD[IN  SW
N x SL
WJD Q GZ HP D \




























1RWH WKDW WKH H[SHFWDWLRQ RI ; (vL>;@ LV HYDOXDWHG ZLWK UHVSHFW WR WKH XWLOLW\ GLVWULEXWLRQ DFWXDOO\
RoHUHG E\ VXSSOLHU L ,Q WXUQ WKH pUVW SDVVDJH WLPH

￿
 LQIIW  SL
W S
M
￿J  LQIIW  6W !E J 
LV WKH WLPH DW ZKLFK WKH FXVWRPHU pUVW SHUFHLYHV WKDW WKH TXDOLW\ DW L LV LQIHULRU WR WKH TXDOLW\ DW M
7KLV LV WKH WLPH DW ZKLFK WKH FRQVXPHU ?GHIHFWV WR WKH FRPSHWLWLRQ
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DQG OHWWLQJ zL
￿
 (vL>8@ ZH KDYH
(vL>;@    v *  b   v %  b  v * b v %  z L  
7KHQ GHpQLQJ
ze ￿
 IzL  (vL>;@  J     v *  b   v %  v* b v%   
ZH FDQ FKDUDFWHUL]H WKH pUVW SDVVDJH WLPH DV IROORZV VHH >@
7KHRUHP 
L ,I   (vL>;@  W K H Q
E L
( v L> ; @
x ( v L>  @ 
( v L > 6 ￿ @
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LL )XUWKHUPRUH ZKHQ )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV
WKHQ   (vL>;@   LI DQG RQO\ LI b z Lz eD Q G
E L  v *bv %
z ebz L
x ( v L>  @ 
 E L  ( v L > 6 ￿ b E L @ v* b v%
ze b zL
 
7KHRUHP  IROORZV GLUHFWO\ IURP :DOG
V >@ FKDUDFWHUL]DWLRQ RI WKH H[SHFWHG VWRSSLQJ WLPH RI
WKH VHTXHQWLDO SUREDELOLW\ UDWLR WHVW 6357 DQG /RUGHQ
V >@ XSSHU ERXQG RQ WKH H[SHFWHG H[FHVV
(vL>6￿ b E@ ,QGHHG LQ RXU PRGHO WKH FRQVXPHU LPSOLFLWO\ XVHV WKH 6357 WR GHFLGH ZKHWKHU WR
UHPDLQ OR\DO WR VXSSOLHU L RU WR GHIHFW DQG LQ >@ ZH DOVR DSSO\ ZHOONQRZQ UHVXOWV IURP :DOG >@
DQG 6LHJPXQG >@ FRQFHUQLQJ WKH pQLWHQHVV RI WKH 6357 WR REWDLQ WKH IROORZLQJ
7KHRUHP 
,I (vL>;@  DQG (>H￿;@   IRU DOO UHDO 
 WKHQ WKHUH H[LVWV D XQLTXH 
vL  DQG D SUREDELOLW\
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D Q G    
3 v L I J x Hb￿￿vL￿E 
1RWH WKDW IRU )% DQG )* WKDW DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV 
VKRZV WKDW (vL>;@   ZKHQHYHU zL  ze 6LPLODUO\ E\ VXEVWLWXWLQJ  LQWR (>H￿;@ ZH VHH WKDW
(>H￿;@   IRU DOO UHDO 
 LI DQG RQO\ LI (vL>H￿8@   IRU DOO UHDO 

 6HQVLWLYLW\ $QDO\VLV
7KH FKDUDFWHUL]DWLRQ RI  SURYLGHG E\  DQG  LV UREXVW ZLWK UHVSHFW WR GLVWULEXWLRQDO IRUP
7R SHUIRUP VHQVLWLYLW\ DQDO\VHV RI KRZ  FKDQJHV ZLWK WKH PRGHO
V SDUDPHWHUV ZH UHTXLUH DGGL
WLRQDO VWUXFWXUH KRZHYHU 7KHUHIRUH LQ WKLV VHFWLRQ ZH RIWHQ DVVXPH WKDW WKH XQGHUO\LQJ SULPLWLYH
GLVWULEXWLRQV DUH PHPEHUV RI H[SRQHQWLDO IDPLOLHV 7KH DVVXPSWLRQ DOORZV XV WR GHYHORS FORVHGIRUP
H[SUHVVLRQV IRU KRZ WKH ERXQGV RI  DQG  FKDQJH ZLWK FKDQJHV LQ WKH PRGHO
V XQGHUO\LQJ
SDUDPHWHUV
2I FRXUVH WKH UHVXOWV RI WKLV VHQVLWLYLW\ DQDO\VLV DFWXDOO\ KROG RQO\ IRU WKH ERXQGV 6WLOO ZH
RoHU WZR SLHFHV RI HYLGHQFH WKDW VXJJHVW WKDW WKH EHKDYLRU RI  DQG  EURDGO\ UHqHFWV WKDW RI
(vL>@D Q G3 v LI J WKHPVHOYHV
)LUVW LQ >@ ZH SUHVHQWHG WKUHH H[DPSOHV RI H[SRQHQWLDO IDPLOLHV ^ IRU 8
V ZLWK H[SRQHQWLDO
%HUQRXOOL DQG QRUPDO GLVWULEXWLRQV ^ LQ ZKLFK IRU p[HG v% DQG v* ZH PD\ FRQVLGHU (vL>6￿ b EL@
WR EH ERXQGHG DERYH E\ D FRQVWDQW WKDW LV LQGHSHQGHQW RI EL ,Q WKHVH WKUHH ZLGHUDQJLQJ FDVHV WKH
EHKDYLRU RI WKH XSSHU ERXQG LV WKH VDPH DV WKDW RI WKH ORZHU ERXQG DQG WRJHWKHU WKH ERXQGV RoHU
D URXJK FKDUDFWHUL]DWLRQ RI (>@ 6 H H) L J X U HI R UD QH [ D P S O H 
,Q WKLV VHFWLRQ ZH DOVR XVH FRXSOLQJ DUJXPHQWV WKDW VKRZ WKDW WKH GLVWULEXWLRQ RI  LV VWRFKDV
WLFDOO\ LQFUHDVLQJ RU GHFUHDVLQJ LQ ZD\V WKDW DUH FRQVLVWHQW ZLWK WKH EHKDYLRU RI WKH SDUDPHWULF
ERXQGV 7KH VWRFKDVWLF RUGHU UHODWLRQV LQ WXUQ LPSO\ WKDW (vL>@D Q G3 v LI J DUH LQFUHDVLQJ
RU GHFUHDVLQJ ZKHQHYHU WKH ERXQGV DUH 7KH\ GR QRW KRZHYHU LPSO\ WKDW WKH PDJQLWXGH RI WKH
FKDQJH LV WKH VDPH DV WKDW RI WKH ERXQG
2XU GHPRQVWUDWLRQ RI WKHVH VWRFKDVWLF RUGHUV RIWHQ UHOLHV RQ WKH IDFW WKDW  LV VWRFKDVWLFDOO\
LQFUHDVLQJ LQ I;￿; ￿J 7KH IROORZLQJ OHPPD VWDWHV WKLV IRUPDOO\ 7KH SURRI RI WKH OHPPD
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3LIJ x 3MIJ DQG (L>@ y (M>@  
3URRI 3OHDVH VHH WKH DSSHQGL[ q
 7KH (oHFW RI &KDQJHV LQ WKH 4XDOLW\ /HYHO
,QWXLWLRQ VXJJHVWV WKDW DQ LQFUHDVH LQ WKH VHUYLFH OHYHO SURYLGHG E\ WKH VXSSOLHU VKRXOG UHVXOW LQ
LPSURYHG FXVWRPHU OR\DOW\ 7KLV LV HDVLO\ GHPRQVWUDWHG ZKHQ WKH VXSSOLHU
V VHUYLFH GLVWULEXWLRQ LV
D PHPEHU RI DQ H[SRQHQWLDO IDPLO\ DQG WKH OLNHOLKRRG UDWLR G)%X G)*X LV QRQLQFUHDVLQJ LQ X
3URSRVLWLRQ 
6XSSRVH 8L LV D PHPEHU RI D SDUDPHWULF IDPLO\ RI GLVWULEXWLRQV LQGH[HG E\ vL IRU ZKLFK v￿ x v￿
LPSOLHV G)XMv￿ xVW G)XMv￿ DQG WKDW G)%X G)*X LV GHFUHDVLQJ LQ X/ H W I ; ￿ ; ￿Mv LJ
GHQRWH WKH VHTXHQFH RI UHDOL]DWLRQV  IRU D SDUWLFXODU FKRLFH RI vL7 K H Q
v ￿ xv ￿   I ; ￿ ; ￿Mv￿Jx VW I;￿; ￿Mv￿J 
,Q SDUWLFXODU 3vLIJ LV GHFUHDVLQJ LQ vL DQG (vL>@ LV LQFUHDVLQJ LQ vL
3URRI 3OHDVH VHH WKH DSSHQGL[ q
:KHQ )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV ZH FDQ DOVR
XVH WKH ERXQGV RI 7KHRUHP  WR VD\ PRUH ,Q WKLV FDVH WKH UHVXOWV KROG ZLWKRXW UHJDUG WR WKH
GLVWULEXWLRQDO IRUP RI )vL
3URSRVLWLRQ 
:KHQ )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV DQG v* !v %
L zL z e   ( v L> @ D Q GOLPzL ￿ze (vL>@  


















ze b zL￿    
LLL IXUWKHUPRUH ze  ￿  v *  
3URRI 3OHDVH VHH WKH DSSHQGL[ q
3DUW LL RI WKH SURSRVLWLRQ IRUPDOL]HV WKH FDVXDO REVHUYDWLRQ PDGH LQ >@ WKDW WKH H[SHFWHG
GXUDWLRQ RI FXVWRPHU OR\DOW\ LQ URXJKO\ FRQYH[ DQG LQFUHDVLQJ LQ zL 3DUW L VKRZV WKDW WKH
H[SHFWDWLRQ EHFRPHV XQERXQGHG DV zL DSSURDFKHV ze 5HFDOOLQJ WKDW ;  ORJG)%X G)*X ZH
VHH IURP  WKDW ze WKH OHYHO RI TXDOLW\ DW ZKLFK WKH FRQVXPHU FDQQRW LQ H[SHFWDWLRQ GHWHUPLQH
ZKHWKHU L
V GLVWULEXWLRQ LV JRRG RU EDG 3DUW LLL JRHV IXUWKHU DQG VKRZV WKDW WKH H[SHFWHG GXUDWLRQ
RI FXVWRPHU OR\DOW\ DSSURDFKHV LQpQLW\ DW D OHYHO RI VHUYLFH WKDW LV VWULFWO\ EHORZ ￿v* 7KDW LV WR
REWDLQ WKH OR\DOW\ RI D VLPSOH FXVWRPHU LQ H[SHFWDWLRQ VXSSOLHU L PD\ PDLQWDLQ D OHYHO RI VHUYLFH
WKDW LV VWULFWO\ EHORZ WKDW IRU ZKLFK WKH FXVWRPHU FRQVLGHUV WR EH ?JRRG
3URSRVLWLRQ 
L ,I )% )* DQG )vL DUH PXWXDOO\ DEVROXWHO\ FRQWLQXRXV GLVWULEXWLRQV DQG )%   )*W K H Q
3 v LI J !   
LL ,I )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ ZLWK v* !v %D Q G) v L LV DOVR D
PHPEHU RI D SRVVLEO\ GLVWLQFW H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV WKHQ
3vLIJ  I R U D O O z L z eD Q G    
3 v LI J  I R U D O O z L y z e    
LLL 7KH DVVXPSWLRQV RI LL DOVR LPSO\ WKDW 
￿vL !  VR WKDW WKH XSSHU ERXQG LQ  Hb￿￿vL￿E
LV GHFUHDVLQJ LQ zL )XUWKHUPRUH 
v%  b  
  v *  D Q G
  v L !  z L !z e
3URRI 3OHDVH VHH WKH DSSHQGL[ q
3DUWV L DQG LL RI WKH SURSRVLWLRQ TXDOLI\ WKH UHVXOW RI 3URSRVLWLRQ  (YHQ WKRXJK WKHUH PD\
EH D p[HG WKUHVKROG DERYH ZKLFK WKH H[SHFWHG GXUDWLRQ RI FXVWRPHU OR\DOW\ DSSURDFKHV LQpQLW\
LQ PRVW FDVHV WKHUH LV QR LQGLYLGXDO FXVWRPHU ZKRVH OR\DOW\ LV DVVXUHG ,Q SDUWLFXODU  VKRZV
WKDW RQO\ LQ GHJHQHUDWH FDVHV VXFK DV ZKHQ )%   )* RU ZKHQ )% )*D Q G) v L DUH QRW PXWXDOO\
DEVROXWHO\ FRQWLQXRXV PD\ D FXVWRPHU
V OR\DOW\ WUXO\ EH DVVXUHG
3DUW LLL RI WKH SURSRVLWLRQ VKRZV WKDW WKH XSSHU ERXQG IRU 3IJ LQ 7KHRUHP  LV ZHOO
EHKDYHG $V zL LQFUHDVHV WKH ERXQG GHFUHDVHV DQG ERXQG LV OHVV WKDQ RQH LI DQG RQO\ LI zL !z e
6XUSULVLQJO\ ZH KDYH QRW IRXQG D VLPLODU JHQHUDO SURRI RI WKH ERXQG
V PRQRWRQLFLW\ LQ WKH OLWHUDWXUH
RQ WKH 6357
 7KH (oHFW RI &KDQJHV LQ 3ULRU %HOLHIV
:KDW LV WKH EHQHpW RI DGYHUWLVLQJ RU SURPRWLRQDO DFWLYLW\" ,Q WKH FRQWH[W RI RXU PRGHO LW PD\
LPSURYH WKH FRQVXPHU
V SULRU EHOLHI FRQFHUQLQJ WKH TXDOLW\ RI D VXSSOLHU 7KLV LPSURYHPHQW LQ WKH
SULRU LQ WXUQ DoHFWV WKH VWRSSLQJ ERXQGDU\ EL )URP  ZH VHH WKDW WKH VWRSSLQJ ERXQGDU\ LV
DOVR GHpQHG E\ WKH FRQVXPHU
V SULRU EHOLHI FRQFHUQLQJ WKH EHVW DYDLODEOH DOWHUQDWLYH DQG WKDW WKH
EHQHpW RI QHJDWLYH SXEOLFLW\ GLUHFWHG WRZDUG WKH DOWHUQDWLYH LV FDSWXUHG LQ EL DV ZHOO
8VLQJ WKH GHpQLWLRQ RI EL  DQG RXU IDPLOLDU FRXSOLQJ DUJXPHQW ZH FDQ VKRZ
3URSRVLWLRQ 
L (vL>@ LV LQFUHDVLQJ LQ SL
￿ DQG GHFUHDVLQJ LQ S
M
￿
LL 3vLIJ LV GHFUHDVLQJ LQ SL













L 7KH ORZHU ERXQG RI  LV LQFUHDVLQJ LQ SL
￿ ZLWK PD[LPXP HoHFW DW SL





























LL 7KH ORZHU ERXQG RI  LV GHFUHDVLQJ LQ S
M
￿ ZLWK PD[LPXP HoHFW DW S
M





































7KXV FKDQJHV LQ HLWKHU WKH VXSSOLHU
V RU WKH DOWHUQDWLYH
V SULRU KDYH WKH OHDVW HoHFW ZKHQ WKH
SULRU LV QHDU ]HUR RU RQH DQG WKH JUHDWHVW HoHFW ZKHQ WKH SULRU HTXDOV RQH KDOI 7KDW LV PDUJLQDO
FKDQJHV LQ D FRQVXPHU
V SULRUV KDYH WKH JUHDWHVW HoHFW ZKHQ WKH FRQVXPHU GRHV QRW KDYH VWURQJ
SULRU EHOLHI FRQFHUQLQJ WKH VXSSOLHU
V TXDOLW\
7KLV EHKDYLRU LV D QDWXUDO FRQVHTXHQFH RI WKH OLQHDU VWUXFWXUH RI WKH UDQGRP ZDON ZKLFK WDNHV
SODFH LQ WKH ORJ VFDOH RI WKH SUREDELOLWLHV ,Q WKH RULJLQDO SUREDELOLW\ VFDOH WKH %D\HVLDQ UHYLVLRQ LV
PXOWLSOLFDWLYH DFFRUGLQJ WR G)%X G)*X DQG WKH FORVHU D SULRU LV WR ]HUR RU RQH WKH VPDOOHU
W K HD E V R O X W HH o H F WR IW K HX S G D W H 
:H RPLW WKH DQ DQDORJRXV UHVXOW IRU WKH SUREDELOLW\ RI GHIHFWLRQ :H QRWH KRZHYHU WKDW WKH
HoHFW RI FKDQJHV LQ WKH SULRUV LV VLPLODU LQ IRUP WR WKDW RI 3URSRVLWLRQ  FKDQJHV LQ HLWKHU WKH
VXSSOLHU
V RU WKH DOWHUQDWLYH
V SULRU KDV WKH JUHDWHVW HoHFW ZKHQ WKH SULRU LV QHDU ]HUR RU RQH DQG
WKH OHDVW HoHFW ZKHQ WKH SULRU HTXDOV RQH KDOI 7KH HoHFW LV PHGLDWHG KRZHYHU E\ 
vL
 7KH (oHFW RI &KDQJHV LQ &XVWRPHU 'LVFULPLQDWLRQ
,W LV QRW VXUSULVLQJ WKDW WKH OR\DOW\ RI D PRUH GLVFULPLQDWLQJ FXVWRPHU ZRXOG EH KDUGHU WR PDLQWDLQ
DQG LQ RXU PRGHO WKLV SURYHV WR EH WUXH 0RUH VSHFLpFDOO\ ZKHQ )% DQG )* DUH PHPEHUV RI WKH
VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV WKHQ G)*X G)XMv*D Q GG)%X G)XMv%P D \
EH FRQVLGHUHG UHVSHFWLYHO\ WR EH IXQFWLRQV RI v* DQG v%, Q W K L V F D V H  Z H F D Q X V H / H P P D  W R
FKDUDFWHUL]H KRZ FKDQJHV LQ )% DQG )* DoHFW OR\DOW\
3URSRVLWLRQ 
6XSSRVH )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV
L /HW I;￿; ￿Mv
M
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; ￿Mv￿
*Jx VW I;￿; ￿Mv￿
*J 
,Q SDUWLFXODU 3vLIJ LV LQFUHDVLQJ LQ v* DQG (vL>@ LV GHFUHDVLQJ LQ v*
LL /HW I;￿; ￿Mv
M








%  I ; ￿ ; ￿Mv￿
%Jx VW I;￿; ￿Mv ￿
%J 
,Q SDUWLFXODU 3vLIJ LV LQFUHDVLQJ LQ v% DQG (vL>@ LV GHFUHDVLQJ LQ v%
3URRI 3OHDVH VHH WKH DSSHQGL[ q
,Q WKLV VHFWLRQ ZH GR QRW XVH WKH ERXQGV RI 7KHRUHPV  DQG  WR GHYHORS LQVLJKW FRQFHUQLQJ WKH
UDWH DW ZKLFK FKDQJHV LQ v* DQG v% DoHFW 3vLIJ DQG (vL>@ 5HFDOO WKDW RXU DUJXPHQW IRU
WKH YDOLGLW\ RI GLoHUHQWLDWLQJ WKH ERXQGV  DQG  DVVXPHG WKDW v* DQG v% UHPDLQHG p[HG
7KLV LV FOHDUO\ QRW WKH FDVH KHUH
 /RQJ 5XQ &KRLFH )U HTXHQFLHV
7KH UHSUHVHQWDWLRQ RI FXVWRPHU OR\DOW\ SUHVHQWHG LQ [ LV WKDW RI WKH VKRUW UXQ LW FKDUDFWHUL]HV D
FXVWRPHU
V EHKDYLRU GXULQJ D VLQJOH VRMRXUQ ZLWK D VXSSOLHU ,Q WKLV VHFWLRQ ZH DGGUHVV WKH FDVH LQ
ZKLFK FXVWRPHUV WKDW GHIHFW WR WKH FRPSHWLWLRQ PD\ UHWXUQ ,Q [ ZH UHYLHZ EDVLF H[SUHVVLRQV
GHYHORSHG LQ >@ WKDW FKDUDFWHUL]H WKH ORQJUXQ IUHTXHQF\ ZLWK ZKLFK D FXVWRPHU SDWURQL]HV D
VXSSOLHU DQG LQ [ ZH SHUIRUP D VHQVLWLYLW\ DQDO\VLV WR GHYHORS D IXOOHU XQGHUVWDQGLQJ RI KRZ WKH
VXSSOLHUV
 TXDOLW\ OHYHOV HoHFW WKH ORQJUXQ FKRLFH IUHTXHQFLHV
%RWK WKH EDVLF UHVXOWV DQG WKH VHQVLWLYLW\ DQDO\VLV UHqHFW WKH FOHDU UHODWLRQVKLS EHWZHHQ WKH
VKRUWUXQ DQG ORQJUXQ EHKDYLRU RI WKH FRQVXPHU ,Q WKH ORQJ UXQ WKH UHODWLYH SXUFKDVH IUHTXHQF\
^ RU ?VKDUH ^ RI WKH FXVWRPHU DW DQ\ SDUWLFXODU VXSSOLHU LV GULYHQ E\ WKH (vL>;@
V RI DOO RI WKH
VXSSOLHUV ,Q WXUQ VHQVLWLYLW\ DQDO\VLV VKRZV WKDW UHODWLYH SXUFKDVH IUHTXHQFLHV DW L DUH FRQYH[ DQG
LQFUHDVLQJ LQ zL DQG FRQFDYH DQG GHFUHDVLQJ LQ zM IRU DOO M   L
$ WW K HV D P HW L P H W K HU H V X O W VV K R Z QL Q[  GLoHU LQ LPSRUWDQW ZD\V IURP WKH VKRUWUXQ FKDU
DFWHUL]DWLRQ GHYHORSHG LQ [ )LUVW WKH ORQJUXQ IUHTXHQF\ LV QRW VHQVLWLYH WR WKH FRQVXPHU
V SULRU
EHOLHIV 0DWKHPDWLFDOO\ WKH SULRUV UHSUHVHQW ?LQLWLDO FRQGLWLRQV ZKLFK KDYH QR HoHFW RQ ORQJUXQ
DYHUDJHV )XUWKHUPRUH WKH DEVHQFH RI SULRUV LPSOLHV WKDW LQ WKH ORQJ UXQ WKH EDVLV RI FRPSHWLWLRQ
VKLIWV IURP LPSUHVVLRQV WR DFWXDO SHUIRUPDQFH ,Q WKH VKRUW UXQ WKH RQO\ FRPSHWLWLYH LQIRUPDWLRQ
XVHG E\ D FXVWRPHU RI VXSSOLHU L LV WKH SULRU RI WKH EHVW DOWHUQDWLYH S
M
W ,Q WKH ORQJ UXQ KRZHYHU
L
V UHODWLYH IUHTXHQF\ LV D IXQFWLRQ RI WKH DFWXDO OHYHO RI VHUYLFH SURYLGHG DW DOO RI VXSSOLHUV
7KH VHQVLWLY\ DQDO\VLV LQ [ UHYHDOV DGGLWLRQDO GLoHUHQFHV EHWZHHQ VKRUWWHUP DQG ORQJWHUP
EHKDYLRU 3URSRVLWLRQ  VKRZHG WKDW WKH VKRUWWHUP GXUDWLRQ RI FXVWRPHU OR\DOW\ LV VWRFKDVWLFDOO\
GHFUHDVLQJ LQ WKH OHYHO RI FXVWRPHU GLVFULPLQDWLRQ ,Q WKH ORQJ UXQ KRZHYHU WKH UHODWLYH SXUFKDVH
IUHTXHQF\ DW L PD\ HLWKHU LQFUHDVH RU GHFUHDVH ZLWK v* DQG v% DQG LV EDVHG RQ WKH VXSSOLHU
V
FRPSHWLWLYH SRVLWLRQ ,QWHUHVWLQJO\ IRU D ORZTXDOLW\ FRPSHWLWRU LQFUHDVLQJ FXVWRPHU GLVFULPLQDWLRQ
LV OLNHO\ WR EH EHQHpFLDO DQG IRU D KLJKTXDOLW\ pUP D GHWULPHQW
 % DVLF 5HVXOWV
2XU UHSUHVHQWDWLRQ RI FRQVXPHU FKRLFH LV DQDORJRXV WR D YHUVLRQ RI ?&XPXODWLYH 8WLOLW\ &RQVXPHU
7KHRU\ SUHVHQWHG LQ *LOERD DQG 3D]JDO >@ DOWKRXJK WKH WZR PRGHOV PDNH GLoHUHQW DVVXPSWLRQV
FRQFHUQLQJ WKH QDWXUH RI LQVWDQWDQHRXV XWLOLWLHV 2XU PRGHO DVVXPHV WKDW WKH XWLOLW\ SURYLGHG D
VXSSOLHU LV LQKHUHQWO\ UDQGRP DQG WKDW XQDFFHSWDEOH TXDOLW\ OHDGV WR VZLWFKLQJ EHKDYLRU $OWHUQD
WLYHO\ *LOERD DQG 3D]JDO DVVXPH WKDW WKH UDQGRPQHVV PD\ QRW EH GXH WR LQKHUHQW YDULDELOLW\ LQ
WKH SURGXFW LWVHOI 5DWKHU WKH UHDOL]DWLRQ RI QHJDWLYH XWLOLWLHV ^ DQG FRQVHTXHQW VZLWFKLQJ ^ PD\
EH GXH WR RWKHU IDFWRUV DQG LV WKH EDVLV RI WKH ?YDULHW\VHHNLQJ EHKDYLRU QRWHG LQ WKH PDUNHWLQJ
OLWHUDWXUH
0DWKHPDWLFDOO\ KRZHYHU WKH IRUP RI WKH WZR PRGHOV LV WKH VDPH DQG LQ >@ ZH XVH UHVXOWV








V ￿I}V L JGHQRWH WKH OLPLWLQJ UHODWLYH IUHTXHQF\ ZLWK ZKLFK WKH FRQVXPHU
FKRRVHV VXSSOLHU L, I( v L > ; @ ! DQG YDUvL;   IRU L   P WKHQ ZLWK SUREDELOLW\ RQH IL
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)XUWKHUPRUH LI )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV WKHQ
(vL>;@ !   ( v L>8 @ z Lz eYDUvL;   YDUvL8   DQG
IL  
 ze b zL
3P
M ￿  ze b zM

 6HQVLWLYLW\ $QDO\VLV
,Q DGGLWLRQ WR WKH DEVHQFH RI SULRU SUREDELOLWLHV WKH ORQJWHUP UHVXOWV UHSRUWHG LQ [ GLoHU IURP
W K HV K R U W  W H U PU H V X O W VR I[  LQ WZR ZD\V WKH\ DUH H[DFW QRW ERXQGV DQG WKH\ DUH ORQJUXQ
DYHUDJHV 7KXV WKH\ DUH PRUH SUHFLVH DQG DW WKH VDPH WLPH PRUH OLPLWHG WKDQ WKHLU VKRUWWHUP
DQDORJXHV 7KLV PDNHV WKH VHQVLWLY\ DQDO\VLV PRUH VWUDLJKWIRUZDUG
7KXV LQ WKLV VHFWLRQ ZH FDOFXODWH GHULYDWLYHV RI IL Z L W KU H V S H F WW RW K HW Z RU H P D L Q L Q JV H W VR I
PRGHO SDUDPHWHUV WKH VXSSOLHUV
 TXDOLW\ OHYHOV DQG FRQVXPHU
V GLVFULPLQDWLRQ IXQFWLRQ :H pUVW
UHSRUW WKH UHVXOWV IRU FKDQJHV LQ TXDOLW\ 3DUWV L DQG LL RI WKH SURSRVLWLRQ SUHFLVHO\ VWDWH WKH
FRQYH[LW\ DQG FRQFDYLW\ SURSHUWLHV GHVFULEHG DW WKH EHJLQQLQJ RI WKLV VHFWLRQ
3URSRVLWLRQ 
6XSSRVH )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV ,I v* !v % DQG
zL z eIRU L   PW K H Q
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)XUWKHUPRUH  LPSOLHV WKDW
#￿IL
#zL#zM !   I L !  
3URRI 3OHDVH VHH WKH DSSHQGL[ q
3DUW LLL RI WKH SURSRVLWLRQ VKRZV WKDW WKH FURVVGHULYDWLYHV RI ILZ L W KU H V S H F WW Rz LDQG zML V
LQFUHDVLQJ LI DQG RQO\ LI WKH UHODWLYH IUHTXHQF\ DW L LV DOUHDG\ JUHDWHU WKDQ RQH KDOI 7KDW LV JLYHQ
D FRPSHWLWRU
V LQFUHDVH D GRPLQDQW KLJKTXDOLW\ VXSSOLHU ZRXOG VHH LQFUHDVLQJ UHYHQXH UHWXUQV
WR UDLVLQJ LWV TXDOLW\ $ VPDOOHU ORZHUTXDOLW\ FRPSHWLWRU KRZHYHU ZRXOG VHH GHFUHDVLQJ EHQHpWV
7KH QH[W SURSRVLWLRQ FKDUDFWHUL]HV KRZ IL FKDQJHV ZLWK LQFUHDVLQJ OHYHOV RI FXVWRPHU GLVFULPL
QDWLRQ
3URSRVLWLRQ 
6XSSRVH )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV ,I v* !v % DQG







































)XUWKHUPRUH IRU L  DUJPD[MIIMJ #IL
#v*   DQG #IL
#v%   6LPLODUO\ IRU L  DUJPLQMIIMJ
#IL
#v* !  DQG
#IL
#v% ! 
3URRI 3OHDVH VHH WKH DSSHQGL[ q
7KH IDFW WKDW
#IL
#v* ! D Q G
#IL
#v% !  IRU WKH ORZTXDOLW\ pUP FRQWUDVWV VKDUSO\ ZLWK WKH XQLYHUVDO
GHFOLQH LQ VKRUWWHUP OR\DOW\ VKRZQ LQ 3URSRVLWLRQ  ,QGHHG LW PD\ DFWXDOO\ EH DGYDQWDJHRXV
IRU ORZTXDOLW\ pUPV WR WHDFK FXVWRPHUV WR EH PRUH GLVFULPLQDWLQJ :KLOH D PRUH GLVFULPLQDWLQJ
FXVWRPHU pQGV WKH ORZTXDOLW\ pUP OHVV DGHTXDWH RQ D DEVROXWH VFDOH WKH QHJDWLYH HoHFW RQ WKH
TXDOLW\ OHDGHU LV HYHQ VWURQJHU 7KH PRUH GLVFULPLQDWLQJ WKH FRQVXPHU WKH PRUH WKH TXDOLW\ OHDGHU
ORRNV OLNH LWV ORZTXDOLW\ FRPSHWLWRUV
 1 RU PDWLYH 0 RGHOV IRU 6XSSOLHU V
,Q GHFLGLQJ ZKDW LV WKH SURSHU OHYHO RI TXDOLW\ WR VHW VXSSOLHUV PXVW DOVR WUDGH Ro UHYHQXHV ZLWK
FRVWV DQG LQ WKLV VHFWLRQ ZH RoHU VLPSOH PRGHOV WKDW H[SOLFLWO\ LQWHJUDWH WKH WZR :H FRQVLGHU WKH
FDVH RI FRVWV WKDW DUH FRQYH[ DQG LQFUHDVLQJ LQ WKH OHYHO RI TXDOLW\ RoHUHG ,Q WKLV VHWWLQJ VWURQJ
UHYHQXH UHVSRQVH WR FKDQJHV LQ TXDOLW\ FOHDUO\ GULYHV WKH QDWXUH RI D VXSSOLHU
V TXDOLW\ VWUDWHJ\
ERWK LQ WKH VKRUW DQG ORQJ UXQ
,Q WKH VKRUW UXQ FDVH ZKHQ GHIHFWLQJ FXVWRPHUV GR QRW UHWXUQ WR D VXSSOLHU VWURQJO\ LQFUHDVLQJ
UHYHQXHV LQ FRQFHUW ZLWK FRQYH[ FRVWV GULYH WKH SURpW IXQFWLRQ WR EH SVHXGRFRQFDYH ,I LQ
DGGLWLRQ FRVWV DUH VWULFWO\ FRQYH[ WKHQ WKHUH LV D XQLTXH SURpWPD[LPL]LQJ TXDOLW\ OHYHO WKDW D
VXSSOLHU VKRXOG FKRRVH
,Q WKH ORQJUXQ FDVH LQ ZKLFK GHIHFWLQJ FXVWRPHUV UHWXUQ ZH REWDLQ DQDORJRXV HTXLOLEULXP
UHVXOWV IRU DQ ROLJRSRO\ JDPH )XUWKHUPRUH ZKHQ VXSSOLHUV
 FRVWV DUH V\PPHWULF WKH VHW RI 1DVK
HTXLOLEULD DGPLWV RQO\ V\PPHWULF VROXWLRQV DQG DV WKH QXPEHU RI FRPSHWLWRUV P JURZV ZLWKRXW
ERXQG WKHLU VHW RI MRLQWO\ RSWLPDO TXDOLW\ OHYHOV FRQYHUJHV WR WKDW RI WKH VKRUWUXQ PRGHO
 7 KH 6XSSOLHU 
V 3 U REOHP DV 0 RQRSROLVWLF &RPSHWLWLRQ
,I VXSSOLHUV DUH VPDOO UHODWLYH WR WKH RYHUDOO VL]H RI WKH PDUNHW WKHQ WKH VKRUWWHUP FKDUDFWHUL]DWLRQ
RI FRQVXPHU UHVSRQVH GHYHORSHG LQ [ PD\ EH DQ DGHTXDWH GHVFULSWLRQ RI FRQVXPHU EHKDYLRU $
FXVWRPHU WKDW LV GLVVDWLVpHG ZLWK D VXSSOLHU KDV DQ DEXQGDQFH RI DOWHUQDWLYHV DQG LV OLNHO\ QHYHU
WR UHWXUQ ,Q WKLV VHWWLQJ ZH FDQ XVH WKH UHVXOWV RI 7KHRUHP  WR GHYHORS D GHPDQG FXUYH WKDW LV
GULYHQ E\ TXDOLW\ UDWKHU WKDQ SULFH
$V DQ H[DPSOH FRQVLGHU WKH IROORZLQJ PRGHO LQ ZKLFK WKH VXSSOLHU FKRRVHV LWV VHUYLFH OHYHO
WR PD[LPL]H LWV ORQJ UXQ DYHUDJH SURpWV *LYHQ D IUDJPHQWHG FRPSHWLWLYH HQYLURQPHQW ZH PLJKW
PRGHO D VWUHDP RI SRWHQWLDO FXVWRPHUV DV D 3RLVVRQ DUULYDO SURFHVV ,I WKH FXVWRPHUV DUH LGHQWLFDO
DQG FDSDFLW\ FRQVWUDLQWV DUH QRW DQ LVVXH WKHQ ZH FDQ PRGHO WKH VXSSOLHU DV DQ 0* TXHXH
ZLWK DUULYDO UDWH y DQG VHUYLFH WLPH  1 R W HW K D WX V HR ID Q0  *  TXHXH LPSOLFLWO\ FKDQJHV WKH
PRGHO IURP GLVFUHWH WR FRQWLQXRXV WLPH ,Q WXUQ LW LV ZHOO NQRZQ IRU H[DPSOH VHH :ROo >@
WKDW IRU DQ 0* TXHXH WKH WLPHDYHUDJH RI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP DW WLPH W
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6XSSRVH WKH VXSSOLHU ZLVKHV WR PD[LPL]H LWV H[SHFWHG WLPHDYHUDJH SURpWV )XUWKHUPRUH DVVXPH
WKDW HDFK FXUUHQW FXVWRPHU SD\V U SHU XQLW RI WLPH DQG WKDW WKH FRVW RI SURYLGLQJ VHUYLFH WR D
FXVWRPHU LV FzL SHU FXVWRPHU SHU XQLW RI WLPH DQG LV LQGHSHQGHQW RI WKH QXPEHU RI FXVWRPHUV
EHLQJ VHUYHG 7KHQ XVLQJ WKH ORZHU ERXQG RQ (vL>@ DQG VHWWLQJ p
￿
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,I FzLL VDF R Q Y H [I X Q F W L R QR Iz LW K H QUbF  z L L VF R Q F D Y H ypU b FzL ze bzLL VS V H X G R 
FRQFDYH LQ zL VHH 0DQJDVDULDQ >@ DQG ZH FDQ XVH WKH pUVW RUGHU FRQGLWLRQV WR pQG
8
￿
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WKH VHW RI TXDOLW\ OHYHOV WKDW PD[LPL]H VXSSOLHU L
V SURpW 7KH pUVW RUGHU FRQGLWLRQV DUH VDWLVpHG
ZKHQ WKH DGGHG SURpW IURP D PDUJLQDO LQFUHDVH LQ WKH H[SHFWHG PDUNHW VKDUH HTXDOV WKH PDUJLQDO
FRVW IURP LQFUHDVLQJ WKH OHYHO RI VHUYLFH WR DOO FXVWRPHUV
g￿zL  U b F  z L 
yp
z ebz L ￿ b F ￿z L
yp
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b F￿zL   
1RWH WKDW WKH UHVXOW LV WKDW IRU D PRQRSROLVW D VXSSOLHU IDFLQJ D VORSLQJ GHPDQG FXUYH +HUH
KRZHYHU GHPDQG LV GULYHQ E\ KLJK TXDOLW\ UDWKHU WKDQ ORZ SULFH )RU WKH VWUHDP RI FXVWRPHUV
DUULYLQJ WR WKH VXSSOLHU WKH RQO\ DOWHUQDWLYH WR UHPDLQLQJ OR\DO LV WR H[LW WKH VXSSOLHU
V PDUNHW DQG
GHIHFW WR D FRPSHWLWRU 7KH ?GHPDQG FXUYH LV GHpQHG LQ D WZRVWHS SURFHVV )LUVW WKH UHVSRQVH RI
DQ LQGLYLGXDO FRQVXPHU LV FKDUDFWHUL]HG WKURXJK (vL>@ 6HFRQG UHVXOWV IRU WKH 0* TXHXH DUH
XVHG WR FROOHFW LQGLYLGXDO FKRLFH EHKDYLRU LQWR D PDUNHW DJJUHJDWH
,I LQ DGGLWLRQ FcL VV W U L F W O \F R Q Y H [ W K H U HL VR Q HS U R p W  P D [ L P L ] L Q JO H Y H OR IT X D O L W \W K D WL V
XQLTXH
3URSRVLWLRQ 
6XSSRVH FzL LV VWULFWO\ FRQYH[ DQG LQFUHDVLQJ LQ zL ,I WKHUH H[LVWV D PLQLPXP TXDOLW\ OHYHO
z z e  RoHUHG E\ WKH VXSSOLHU DQG Fz !  WKHQ WKHUH H[LVWV D XQLTXH TXDOLW\ OHYHO E zW K D W
PD[LPL]HV SURpWV )XUWKHUPRUH
L LI U b Fze !  WKHQ E z   ze
LL LI WKHUH H[LVWV D zz eVXFK WKDW U b Fz DQG 8    WKHQ E z  >zz
LLL LI WKHUH H[LVWV D zz eVXFK WKDW U b Fz DQG 8    WKHQ E z   z
3URRI 3OHDVH VHH WKH DSSHQGL[ q
 4XDOLW\ &RPSHWLWLRQ LQ DQ 2OLJRSRO\
7KH ORQJWHUP DQDORJXH RI WKH PRGHO SUHVHQWHG LQ [ LV WKDW RI DQ ROLJRSRO\ :H DVVXPH WKDW
P pUPV FRPSHWH IRU WKH SDWURQDJH RI D ODUJH QXPEHU RI LGHQWLFDO FRQVXPHUV DQG ZH XVH  WR
GHVFULEH WKH pUPV
 PDUNHW VKDUHV
6XSSRVH DJDLQ WKDW HDFK FXVWRPHU SD\V U SHU XQLW RI WLPH WR WKH DSSURSULDWH VXSSOLHU DQG
WKDW WKH FRVW RI SURYLGLQJ VHUYLFH WR D FXVWRPHU LV FLzL SHU FXVWRPHU SHU XQLW RI WLPH DQG LV
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WR PD[LPL]H LWV ORQJUXQ DYHUDJH SURpW +HUH gL
Pc HPSKDVL]HV WKDW WKHUH DUH P FRPSHWLQJ VXS
SOLHUV WKDW GHWHUPLQH VXSSOLHU L
V SURpW DQG ILz￿z P HPSKDVL]HV WKDW L
V PDUNHW VKDUH LV D
IXQFWLRQ RI DOO VXSSOLHUV
 OHYHOV RI TXDOLW\
$JDLQ LI FLzLL VF R Q Y H [L Qz L WKHQ LW LV QRW GLrFXOW WR VKRZ WKDW gL
PzLL VS V H X G R  F R Q F D Y HL Qz L
7KH XQLW SURpW UbFLzL LV FRQFDYH DV EHIRUH DQG LI ZH OHW JL    IL  
3
M￿  L ze b zL  ze b zM
WKHQ IRU zM z e M   L J LLV OLQHDU DQG GHFUHDVLQJ LQ zL ,Q WXUQ IRU zL z eWKH SURpW
U b FLzL JLL VS V H X G R  F R Q F D Y HL Qz LVHH 0DQJDVDULDQ >@ 7KHUHIRUH
3URSRVLWLRQ 
6XSSRVH WKH FLc DUH FRQYH[ DQG LQFUHDVLQJ DQG WKDW WKHUH H[LVW zL  zL z eVXFK WKDW zL  >zLzL@
IRU L   P 7KHQ WKHUH H[LVWV D SXUHVWUDWHJ\ 1DVK HTXLOLEULXP WR WKH TXDOLW\ FRPSHWLWLRQ
JDPH
3URRI 7KH VWUDWHJ\ VSDFHV RI WKH VXSSOLHUV DUH QRQHPSW\ FRPSDFW FRQYH[ VXEVHWV RI WKH UHDO OLQH
DQG HDFK VXSSOLHU
V UHVSRQVH IXQFWLRQ LV TXDVLFRQFDYH LQ LWV TXDOLW\ OHYHO 7KHUHIRUH IURP 'HEUHX
>@ WKH UHVXOW IROORZV q








LzLIL    
IRU DOO VXSSOLHUV L   P :H FDQ XVH WKHVH pUVW RUGHU FRQGLWLRQV WR VKRZ WKDW ZKHQ WKH
VXSSOLHUV
 WHFKQRORJLHV DUH LGHQWLFDO WKH SXUHVWUDWHJ\ 1DVK HTXLOLEULD WKDW REWDLQ DUH V\PPHWULF
3URSRVLWLRQ 
)RU L   P VXSSRVH WKDW FLc u Fc LV FRQYH[ DQG LQFUHDVLQJ WKDW WKHUH H[LVW z  zz e
VXFK WKDW zL  >zz@ DQG WKDW U b Fz  
L 7KHUH H[LWV QR DV\PPHWULF SXUH VWUDWHJ\ HTXLOLEULXP
LL ,I HLWKHU F￿z !P  z ebz  F ￿￿z z  >zz@ RU F￿z P  z ebz  F ￿￿z z  >zz@W K H Q
WKHUH H[LVWV H[DFWO\ RQH SXUH VWUDWHJ\ 1DVK HTXLOLEULXP DQG LW LV V\PPHWULF
LLL )RU DQ\ VWULFWO\ FRQYH[ DQG LQFUHDVLQJ Fc WKHUH H[LVWV DQ Pe   VXFK WKDW P!P eWKHUH
H[LVWV H[DFWO\ RQH SXUH VWUDWHJ\ 1DVK HTXLOLEULXP DQG LW LV V\PPHWULF
3URRI 3OHDVH VHH WKH DSSHQGL[ q
3DUW L RI WKH SURSRVLWLRQ VKRZV WKDW V\PPHWULF HTXLOLEULD DUH WR EH H[SHFWHG 7KXV WKH pUVW
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UDWKHU WKDQ gL
P
￿zL   WR GHVFULEH WKHP ,Q WXUQ ZH GHpQH
8 P
￿
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WR EH WKH VHW RI TXDOLW\ OHYHOV IRU ZKLFK WKH pUVW RUGHU FRQGLWLRQV  KROG
3DUW LL LV WKH ROLJRSRO\ DQDORJXH RI 3URSRVLWLRQ  ,W VKRZV WKDW IRU PDQ\ FRQYH[ DQG LQ
FUHDVLQJ FRVW IXQFWLRQV WKHUH ZLOO EH RQO\ RQH V\PPHWULF HTXLOLEULXP )RU H[DPSOH ZKHQ z y 
DQG Fz 2  z Q  WKHQ F￿z JURZV DW DQ RUGHU RI PDJQLWXGH IDVWHU WKDQ F￿￿z 6LPLODUO\ ZKHQ
Fz 2  H pz F￿z JURZV DW D UDWH WKDW LV SURSRUWLRQDO WR F￿￿z ,Q ERWK FDVHV ZH PD\ H[SHFW
F￿z WR EH FRQVLVWHQWO\ ODUJHU RU VPDOOHU WKDQ Pze b zF￿￿z
6WLOO WKHUH PD\ EH FDVHV LQ ZKLFK PXOWLSOH HTXLOLEULD REWDLQ WKLV ZRXOG KDSSHQ SUHFLVHO\ ZKHQ
WKH VXrFLHQW FRQGLWLRQV RI 3DUW LL DUH QRW PHW )RU H[DPSOH ZKHQ WKHUH DUH LQIUHTXHQW EXW UDSLG
MXPSV XS LQ F￿z WKHQ LW PD\ EH WKH FDVH WKDW D UDQJH RI z
V IRU ZKLFK F￿z P  z ebz  F ￿￿zL V
TXLFNO\ IROORZHG E\ DQRWKHU IRU ZKLFK F￿z !P  z ebz  F ￿￿z ,Q WKLV FDVH WKHUH PD\ EH PXOWLSOH
]HURHV RI WKH pUVW RUGHU FRQGLWLRQV
3DUW LLL VKRZV WKDW ZKHQ Fc LV VWULFWO\ FRQYH[ DQG WKH QXPEHU RI FRPSHWLWRUV LV VXrFLHQWO\
ODUJH KRZHYHU WKH VHW RI HTXLOLEULD FROODSVHV WR D VLQJOHWRQ ,QGHHG DV WKH QXPEHU RI VXSSOLHUV
JURZV WKH HTXLOLEULD IRU DQ ROLJRSRO\ ORRN LQFUHDVLQJO\ OLNH WKH RXWFRPHV RI PRQRSROLVWLF FRPSHWL
WLRQ 7KH QH[W SURSRVLWLRQ PRUH SUHFLVHO\ VWDWHV WKH QDWXUH RI WKH FRQYHUJHQFH
3URSRVLWLRQ 
)RU L   P VXSSRVH WKDW FLc u Fc LV FRQYH[ DQG LQFUHDVLQJ WKDW WKHUH H[LVW z  zz e
VXFK WKDW zL  >zz@ DQG WKDW U b Fz  
L ,I E z LV SURpWPD[LPL]LQJ LQ PRQRSROLVWLF FRPSHWLWLRQ DQG z  E z WKHQ DQ\ ROLJRSRO\ HTXLOLE
ULXP zK D VzE z 
LL ,I z LV SURpWPD[LPL]LQJ LQ PRQRSROLVWLF FRPSHWLWLRQ WKHQ z LV WKH XQLTXH SURpWPD[LPL]HU
LQ ROLJRSRO\
LLL 7KH HTXLOLEULXP TXDOLW\ RI VHUYLFH RoHUHG LQ DQ ROLJRSRO\ LV SRLQWZLVH LQFUHDVLQJ LQ P
gP
￿z     g P ￿￿
￿z !   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
3URRI 3OHDVH VHH WKH DSSHQGL[ q
3DUWV L DQG LL RI WKH SURSRVLWLRQ VKRZ WKDW HTXLOLEULXP TXDOLW\ OHYHOV LQ PRQRSROLVWLF FRP
SHWLWLRQ VWURQJO\ GRPLQDWH WKRVH LQ V\PPHWULF ROLJRSRO\ 7KDW LV WKH HQWLUH VHW RI HTXLOLEULD LQ
PRQRSROLVWLF FRPSHWLWLRQ OLHV DERYH WKH VHW RI ROLJRSRO\ HTXLOLEULD 3DUWV LLL DQG LY VKRZ WKDW
DV WKH QXPEHU RI FRPSHWLWRUV JURZV WKH VHW RI ROLJRSRO\ HTXLOLEULD ?ULVHV DQG LQ WKH OLPLW FRQ
YHUJHV WR WKDW RI PRQRSROLVWLF FRPSHWLWLRQ OLPP￿￿ 8 P   8  1RWH WKDW EHFDXVH Fc LV LQFUHDVLQJ
LQ z DV WKH TXDOLW\ OHYHO ULVHV VXSSOLHU SURpWV GHFUHDVH
 &RQFOXVLRQ
2XU PRGHO RI FRQVXPHU EHKDYLRU SURYLGHV VLPSOH FORVHGIRUP H[SUHVVLRQV ZKLFK DOORZ XV WR FOHDUO\
FKDUDFWHUL]H ERWK WKH VRXUFH DQG WKH HoHFW RI WKH UHYHQXH UHVSRQVH WR VXSSOLHU
V TXDOLW\ OHYHO 7KH
VHQVLWLYLW\ DQDO\VHV RI [D Q G[  FOHDUO\ VKRZ KRZ WKH XQGHUO\LQJ TXDOLW\ OHYHOV RI WKH VXSSOLHUV WKH
FXVWRPHU
V DELOLW\ WR GLVWLQJXLVK EHWZHHQ JRRG DQG EDG VXSSOLHUV DQG WKH FXVWRPHU
V SULRU EHOLHIV
UHJDUGLQJ WKH VXSSOLHUV WRJHWKHU PHGLDWH FRQVXPHU OR\DOW\ 7KH SURpW PRGHOV RI [ GHPRQVWUDWH
WKH VWURQJO\ V\PPHWULF QDWXUH RI WKH HTXLOLEULD WKDW REWDLQ IURP TXDOLW\ FRPSHWLWLRQ DQG WKH\
UHqHFW D QLFH VHQVH RI LQWHUQDO FRQVLVWHQF\ EHWZHHQ WKH VKRUWUXQ DQG ORQJUXQ PRGHOV
,W LV QRW VXUSULVLQJ WKDW WKH RSWLPDO DFWLRQ IRU VXSSOLHUV LQ WKH SURpW PRGHOV LV WR FKRRVH D
TXDOLW\ OHYHO IRU ZKLFK WKH PDUJLQDO UHYHQXH IURP D TXDOLW\ LPSURYHPHQW HTXDOV WKH PDUJLQDO FRVW
RI WKH FKDQJH :KDW RI FRXUVH PDNHV WKH PRGHOV SUHVHQWHG LQ WKLV SDSHU GLoHUHQW IURP PRUH
WUDGLWLRQDO RSHUDWLRQDO PRGHOV LV WKHLU H[SOLFLW UHSUHVHQWDWLRQ RI D GHPDQG IXQFWLRQ )RU H[DPSOH
LQ WUDGLWLRQDO LQYHQWRU\ PRGHOV D PLQLPXPFRVW LQYHQWRU\ SROLF\ LV REWDLQHG ZKHQ WKH PDUJLQDO
FRVW RI D VWRFNRXW HTXDOV WKH PDUJLQ FRVW RI KROGLQJ DGGLWLRQDO LQYHQWRU\ ,Q WKHVH PRGHOV KRZHYHU
WKH VWRFNRXW FRVW LV GHFRXSOHG IURP GHPDQG ZKRVH GLVWULEXWLRQ LV GHpQHG DV EHLQJ H[RJHQRXV WR
WKH SUREOHP DW KDQG
$W WKH VDPH WLPH WKH FRVW PRGHO SUHVHQWHG LQ WKLV SDSHU PRUH LV DEVWUDFW WKDQ WKDW IRXQG
LQ PRUH WUDGLWLRQDO RSHUDWLRQDO PRGHOV )RU H[DPSOH ZH DVVXPH RQO\ WKDW FRVWV DUH FRQYH[ DQG
LQFUHDVLQJ LQ WKH OHYHO RI TXDOLW\ DQG GR QRW DWWHPSW WR PRGHO PRUH H[SOLFLWO\ WKH VRXUFHV RI RSHUDWLQJ
FRVWV 7KLV VW\OL]DWLRQ VHUYHV WR KLJKOLJKW WKH FRQWULEXWLRQ RI WKH GHPDQG IXQFWLRQ WR WKH QDWXUH
RI RSWLPDO RSHUDWLQJ SROLFLHV DQG WR HPSKDVL]H WKH EUHDGWK RI V\VWHPV IRU ZKLFK WKHVH RSWLPDOLW\
FRQGLWLRQV KROG 1HYHUWKHOHVV WKH LQFOXVLRQ RI PRUH GHWDLOHG FRVWV ZRXOG DOORZ WKH GHYHORSPHQW RI
D YDOXDEOH DOWHUQDWLYH WR WUDGLWLRQDO RSHUDWLRQV PRGHOV SDUWLFXODUO\ LQYHQWRU\ PRGHOV WKDW GR QRW
H[SOLFLWO\ LQFOXGH WKH HoHFWV RI SRRU TXDOLW\ RQ GHPDQG
7KH FRPSHWLWLYH DQDO\VLV SUHVHQWHG LQ WKH SDSHU DOVR UHqHFWV VXSSOLHUV
 OLPLWHG DELOLWLHV WR FKDQJH
SULFHV $JDLQ WKH IDFW WKDW WKH PRGHOV GR QRW LQFOXGH SULFH FRQWUROV IRFXVHV DWWHQWLRQ RQ TXDOLW\
FRPSHWLWLRQ ,W DOVR UHqHFWV RXU EHOLHI WKDW LQ VRPH FLUFXPVWDQFHV SULFHV PD\ EH WKRXJKW RI DV
H[RJHQRXVO\ JLYHQ 7KH p[HG QDWXUH RI SULFHV PD\ EH GXH WR RUJDQL]DWLRQDO OLPLWV SULFHV DUH VHW
E\ WKH SHRSOH LQ PDUNHWLQJ RU VWUDWHJLF SODQQLQJ VHUYLFH TXDOLW\ LV GHOHJDWHG WR RSHUDWLRQV DQG
FXVWRPHU IXOpOOPHQW
:H LPDJLQH WKDW WKLV GHFRXSOLQJ RI SULFH IURP TXDOLW\ LV PRVW SURQH WR RFFXU ZKHQHYHU WKH
TXDOLW\ RI VRPH SURGXFW RU VHUYLFH DWWULEXWHV LV PXFK PRUH WUDQVSDUHQW WR FRQVXPHUV WKDQ WKH
TXDOLW\ RI RWKHUV ,Q WKLV FDVH SULFHV DUH EDVHG RQ WKH ?LQVSHFWLRQ DWWULEXWHV RI WKH JRRG DQG WKH
LQVSHFWLRQ DWWULEXWHV DUH IDLUO\ SULFHG 7KH UHPDLQLQJ QRQSULFHUHODWHG ?H[SHULHQFH DWWULEXWHV
WKHQ GHWHUPLQH FXVWRPHU OR\DOW\
2I FRXUVH DV 3URSRVLWLRQ  GHPRQVWUDWHV LW LV LQ SUHFLVHO\ WKLV FDVH WKDW VXSSOLHUV VKRXOG VHHN
WR DYRLG TXDOLW\ FRPSHWLWLRQ DQG FKRRVH V\PPHWULF TXDOLW\ OHYHOV ,Q WKLV FDVH LQ WXUQ DQ REVHUYHU
VKRXOG H[SHFW WR pQG OLWWOH TXDOLW\ GLVSHUVLRQ DPRQJ VXSSOLHUV HYHQ ZKHQ ^ RU SDUWLFXODUO\ ZKHQ ^
TXDOLW\ LV XQFHUWDLQ
6WLOO VXSSOLHUV PD\ XVH SULFH DV D WRRO WKDW FRPSHQVDWHV IRU TXDOLW\ GLoHUHQFHV DQG LQ WKLV FDVH
WKH V\PPHWULF QDWXUH RI WKH HTXLOLEULD VKRZQ LQ 3URSRVLWLRQ  LV OLNHO\ WR EUHDN GRZQ (TXLOLEULD
LQ ZKLFK GLoHULQJ OHYHOV RI TXDOLW\ DUH RoVHW E\ GLoHULQJ SULFHV PD\ DOVR REWDLQ
)LQDOO\ WKHUH LV ZRUWKZKLOH ZRUN WR EH GRQH LQ H[WHQGLQJ WKH PRGHO RI WKH VLPSOH FRQVXPHU
LWVHOI $V WKH HPSLULFDO ZRUN SHUIRUPHG E\ *LOERD DQG 3D]JDO >@ UHYHDOV ?VZLWFKLQJ FRVWV DUH
OLNHO\ WR EH DQ LPSRUWDQW RPLWWHG YDULDEOH LQ RXU PRGHO 7KHVH FRVWV PD\ EH LQGXFHG E\ D QXPEHU
RI PHFKDQLVPV WKH H[WUD ZRUN UHTXLUHG WR FORVH RQH VHW RI DFFRXQWV DQG RSHQ DQRWKHU WKH OHDUQLQJ
UHTXLUHG WR HoHFWLYHO\ XVH RQH VXSSOLHU
V RoHULQJ UDWKHU WKDQ DQRWKHU
V RU VLPSO\ WKH LQHUWLD LQGXFHG
E\ ?VWDWXV TXR ELDV
7KH LQFOXVLRQ RI WKHVH IDFWRUV ^ VZLWFKLQJ FRVWV SULFH FRQWUROV PRUH H[SOLFLW FRVWV ^ DUH UHODWLYHO\
VWUDLJKWIRUZDUG WR LQFOXGH LQ WKH VKRUWUXQ PRGHO RI 7KHRUHPV  DQG  DQG [ ([WHQVLRQ RI WKH
ORQJUXQ PRGHO RI 7KHRUHP  DQG [ UHTXLUHV PRUH FDUH KRZHYHU :H DUH QRZ ZRUNLQJ RQ WKHVH
H[WHQVLRQV DQG ZLOO UHSRUW UHVXOWV LQ D IXWXUH SDSHU
$FNQRZOHGJPHQWV
7KDQNV WR 'DYLG &URVRQ 5DFKHO &URVRQ 3DW +DUNHU 7HFN+XD +R (ULF -RKQVRQ =LY .DWDODQ
+RZDUG .XQUHXWKHU 5REHUW 0H\HU *DUUHWW YDQ 5\]LQ DQG <X6KHQJ =KHQJ DV ZHOO DV WR VHPLQDU
SDUWLFLSDQWV DW 1RUWKZHVWHUQ IRU YDOXDEOH FRPPHQWV DQG UHIHUHQFHV
$SSHQGL[
3 U R R IR I/ H P P D
7KH SURRI LV EDVHG RQ D FRXSOLQJ DUJXPHQW DQG XVHV WKH IROORZLQJ ZHOONQRZQ UHVXOW
/HPPD  6HH 6KDNHG DQG 6KDQWKLNXPDU >@ RU :RRGURRIH >@
/HW = GHQRWH D UDQGRP YDULDEOH XQLIRUPO\ GLVWULEXWHG RQ 7 K H Q ) ￿x VW )￿ LI DQG RQO\ LI
WKHUH H[LVW UHDO IXQFWLRQV Z￿ DQG Z￿ IRU ZKLFK Z￿= | )￿ Z￿= | )￿ DQG Z￿] x Z￿] IRU DOO
]  
3URRI RI /HPPD 
:H XVH /HPPD  WR FRXSOH WKH WZR VHTXHQFHV RI UDQGRP YDULDEOHV ZLWK D VHTXHQFH RI XQLIRUPO\
GLVWULEXWHG UDQGRP YDULDEOHV I=￿= ￿J/ H W Z L  =  |I ; L JDQG ZM= |I ; M J 7 K H Q R Q
DQ\ VDPSOH SDWK I]￿] ￿J IRU DQ\ WLPH WZ HK D Y H
3 W
V  ￿ZL]V x
3W
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 DQG IURP 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W  ￿ 3LI y WJy
3 ￿
W  ￿ 3MI y WJ   (M>@ q
3 U R R IR I3 U R S R V L W L R Q
:RRGURRIH >@ XVHV D FRXSOLQJ DUJXPHQW WR VKRZ 3vLIJ LV GHFUHDVLQJ LQ vL 8VLQJ /HPPD
 ZH RoHU WKH VDPH OLQH RI DUJXPHQW IRU WKH SURSRVLWLRQ
3URRI
:H VKRZ WKDW ) XMv￿ xVW )XMv￿ LPSOLHV WKDW ;v￿
xVW ;v￿
7 K H Q Z H X V H ; v ￿
x VW ;v￿
DQG
/HPPD  WR FRXSOH WKH WZR VHTXHQFHV RI UDQGRP YDULDEOHV I;￿; ￿Mv￿JDQG I;￿; ￿Mv￿J
DQG FRPSOHWH WKH SURRI
,I = LV D UDQGRP YDULDEOH XQLIRUPO\ GLVWULEXWHG RQ  WKHQ E\ /HPPD  WKHUH H[LVW IXQF
WLRQV Z￿ DQG Z￿ IRU ZKLFK Z￿= | )￿ Z￿= | )￿D Q GZ ￿  ] xZ ￿  ] I R UD O O] 'HpQH
JZ
￿
 ORJ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Z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Z 7KH IDFW WKDW G)%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 LV GHFUHDVLQJ LQ Z LPSOLHV WKDW J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3 U R R IR I3 U R S R V L W L R Q
3URRI
3DUW L )RU zL z e    ( v L> @ Z HF K H F NW K HX S S H UE R X Q GL Q    ) U R P  Z HV H HW K D W 
ZKHQ )% DQG )* DUH PHPEHUV RI WKH VDPH H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV
(vL>;￿@    v *  b   v % ￿ b v *bv %v* b v%zL  v *bv %  ￿ z L
￿ 
ZKLFK LV pQLWH IRU DOO pQLWH zL ,Q WXUQ ZH VHH WKDW WKH XSSHU ERXQG RI  LV pQLWH ZKHQHYHU
(vL>;￿@   DQG   (vL>;@   )URP  DQG SDUW LL RI 7KHRUHP  ZH VHH WKDW WKLV LV WKH
FDVH ZKHQHYHU b z Lz e  )LQDOO\ WKH OLPLW OLPzL￿ze (vL>@  L VL P S O L H GE \W K HD Q D O R J R X V
OLPLW IRU WKH ORZHU ERXQG LQ 
3DUW LL 6LPSOH GLoHUHQWLDWLRQ RI WKH ORZHU ERXQG LQ  REWDLQV WKH H[SUHVVLRQV RQ WKH ULJKW
KDQG VLGHV LQ  7KDW WKH H[SUHVVLRQV DUH SRVLWLYH IROORZ IURP WKH GHpQLWLRQ RI EL LQ  DQG WKH
DVVXPSWLRQV WKDW v* !v % DQG ze !z L
3DUW LLL 7KH GHpQLWLRQ RI ze LQ  DQG WKH VWULFW FRQYH[LW\ RI cL P S O \
z e  
  v * b  v %
v *bv %
 ￿  v *   
q
3 U R R IR I3 U R S R V L W L R Q
$V WKH IROORZLQJ OHPPD VWDWHV DrQH WUDQVIRUPDWLRQV RI H[SRQHQWLDO IDPLOLHV RI GLVWULEXWLRQV DUH
WKHPVHOYHV H[SRQHQWLDO IDPLOLHV
/HPPD  %URZQ >@
6XSSRVH ; LV DQ H[SRQHQWLDO IDPLO\ RI UDQGRP YDULDEOHV ZLWK FXPXODQW JHQHUDWLQJ IXQFWLRQ ;v
/HW =
￿
  P;  ]￿ DQG 
￿
  v P￿ IRU VRPH ]￿ ￿P5 7KHQ = LV DQ HTXLYDOHQW H[SRQHQWLDO
IDPLO\ RI UDQGRP YDULDEOHV ZLWK FXPXODQW JHQHUDWLQJ IXQFWLRQ
=  ;  v  b   b  ￿  ] ￿  
:H FDQ XVH  WR VKRZ WKH IROORZLQJ
&RUROODU\ 








ZH FDQ FRQVWUXFW DQ HTXLYDOHQW H[SRQHQWLDO IDPLO\ RI GLVWULEXWLRQV IRU ZKLFK =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  =   ￿  
3URRI RI 3URSRVLWLRQ 
3DUW L 7R SURYH  ZH ZLOO VKRZ WKDW IRU DQ\ vL 3vLI;! J! 7KHQ OHWWLQJ 
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  3vLI; y
rJ ! I R UV R P Hr! ZH ZLOO KDYH 3vLIJ y
4GE rH
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G)*   DQG WKLV IDFW WRJHWKHU ZLWK G)%X x G)*X DHL P S O L H VW K D W
G)%X  G)*X DH ZKLFK YLRODWHV WKH DVVXPSWLRQ WKDW )%  )*
/HW '
￿
 IX  G)%X !G ) *  X  J  7KHQ WKH DVVXPSWLRQ WKDW WKH GLVWULEXWLRQV DUH PXWXDOO\
DEVROXWHO\ FRQWLQXRXV LPSOLHV WKDW G)vLX !  DH ZLWK UHVSHFW WR WKH VXSSRUW RI )% DQG )*D Q G
WKLV LQ WXUQ LPSOLHV WKDW 3vLI;! J 
5
’ G)vLX ! 
3DUW LL 5HODWLRQ  IROORZV IROORZ GLUHFWO\ IURP WKH UDQJH RYHU ZKLFK 3URSRVLWLRQ  VKRZV
(vL>@ WR EH pQLWH 5HODWLRQ  IROORZV IURP WKH FRUUHVSRQGLQJ OLPLW zL  ze DORQJ ZLWK WKH
SURSHUW\ VKRZQ LQ 3URSRVLWLRQ  WKDW (vL>@ LV LQFUHDVLQJ LQ vL
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vL LV REWDLQHG LQ  ZKHQ WKH H[SUHVVLRQ HTXDOV RQH 7DNLQJ ORJV RQ ERWK VLGHV ZH VLPLODUO\
KDYH
vL b 
vLv* b v%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v%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v*
vL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 v L 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)URP &RUROODU\  ZH NQRZ KRZHYHU WKDW ZH PD\ DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW v% b
v*  V RZ HK D Y H
  v L  LV WKH XQLTXH VROXWLRQ WR
vL b 
vLv* b v%   vL  
:KHQ v% b v*   ZH DOVR KDYH IURP  WKDW ze  ￿ve  
7R VHH WKDW 
vL LV LQFUHDVLQJ ZLWK vL UHFDOO WKDW cL VV W U L F W O \F R Q Y H [   , WL VK H O S I X OW R
GUDZ D SLFWXUH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v* b v%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 v L  LQFUHDVHV VLQFH ￿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v* b v% x  $Q DQDORJRXV DUJXPHQW
KROGV IRU WKH FDVH LQ ZKLFK vL x ve
7KDW 
v% b D Q G
  v *   FDQ EH VHHQ IURP LQVSHFWLRQ RI 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7R VHH WKDW 
vL !   z L !z e  ZH FDQ DJDLQ XVH  )LUVW VXSSRVH zL !z eVR WKDW
vL !v e  7KHQ WKH FRQYH[LW\ RI c DORQJ ZLWK WKH IDFW WKDW ze   ￿ve   LPSOLHV WKDW WKH
XQLTXH 
vL   WKDW REWDLQV  PXVW EH JUHDWHU WKDQ ]HUR 6LPLODUO\ LI zL z eWKHQ WKH VDPH
UHDVRQLQJ LPSOLHV WKDW 
vL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 v L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)RU SDUW 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